Abstract. In a recent paper Fournier and Ruscheweyh established a theorem related to a certain functional. We extend their result differently, and then use it to obtain a precise upper bound on α so that for f analytic in |z| < 1, f (0) = f (0) − 1 = 0 and satisfying Re{zf (z)} > −λ , the function f is starlike.
1. Introduction and statement of results. Let U be the unit disk |z| < 1, and let H be the space of analytic functions in U with the topology of local uniform convergence. The subclasses A and A 0 of H consist of functions f ∈ H such that f (0) = f (0) − 1 = 0 and f (0) = 1 respectively. By S, C, St and K we denote, respectively, the well known subsets of A of univalent, close-to-convex, starlike (with respect to origin) and convex functions. Further, for β < 1, we introduce
If f and g are in H and have the power series
the convolution or Hadamard product of f and g is defined by
For V ⊂ A 0 the dual V * of V is the set of functions g ∈ A 0 such that (f * g)(z) = 0 for every f ∈ V , and V * * = (V * ) * . We define functions h T in A by
and the subclass V β of A 0 by
We refer to [2, 3] for results in duality theory. For a suitable Λ :
In a recent paper [1] Fournier and Ruscheweyh have established the following
The functions
satisfy the conditions of Theorem A. It is clear that Theorem A can be extended to the case of tΛ(t) integrable on [0, 1], positive on (0, 1), and tΛ(t)/(1 − t 2 ) decreasing on (0, 1). Indeed,
which shows that integrability of tΛ(t) is enough for the existence of the integral. Further, if tΛ(t)/(1−t 2 ) is decreasing, so is Λ(t)/(1−t 2 ) and hence the treatment in [1] gives the result. Thus the functions
satisfy the above conditions. In the present paper we extend Theorem A in the following form. 
We use the theorem to establish the following:
satisfies the conditions of Theorem 1 and for λ > 0, define
Then for λ given by
we have V α (P 0 ) ⊂ S, and
For any larger value of λ there exists an f ∈ P 0 with V α (f ) not even locally univalent.
As a special case of the above theorem we obtain a result which is interesting enough to be stated as a theorem. Re zf (z) > −λ,
For any larger value of λ, a function f ∈ A satisfying (3) need not even be locally univalent. α(t) dt = 1 and suppose Λ(t) = α(t)/t satisfies the conditions of Theorem 1.
2. Proof of Theorem 1. For a fixed f ∈ C and z ∈ U let
Let χ n (t) be the characteristic function of [1/n, 1]. For each n,
Since tΛ(t) is integrable, it follows that
Hence L Λ (f ) ≥ 0 for z ∈ U . This completes the proof.
We are thankful to Prof. S. Ruscheweyh for his help with the proof of Theorem 1.
3. Proof of Theorems 2 and 3. For f ∈ P 0 let F (z) = V α (f ). We then have Further, because Re e iα f (z) > 0, (5) also ensures that Re e iα F (z) > 0 and hence F is univalent.
